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Abstract
A topological space is said to have a restricted compactness property if every cover of it by sets
chosen from a restricted class of open sets has a finite subcover. One such example is the class of
spaces with the property that every cover by clopen sets has a finite subcover. The question of when
such spaces as well as others with restricted compactness properties retain these properties under
products is considered. Ó 2000 Elsevier Science B.V. All rights reserved.
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1. Introduction
An interesting generalization of both compact spaces and connected spaces is provided
by the class of spaces which have the property that all open covers consisting of clopen—
in other words, simultaneously closed and open—sets have finite subcovers. Such spaces
were introduced in [9] under the name CB-spaces. This paper will consider various classes
of topological spaces obtained when the notion of compactness is restricted by insisting
that only certain families of open covers have finite subcovers. Given a property P of sets
in a topological space one may define a topological space X to be P-compact if every open
cover of it with sets satisfying property P has a finite subcover. However, the present paper
will be concerned with a narrower range of properties which are more or less connected
with being closed and open. In particular, all of the properties considered will be defined
with respect to the boundary of a set, which will be denoted by ∂X(A). (If the topological
space is clear from the context then ∂X(A) will simply be denoted by ∂(A).)
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Definition 1.1. Given a property P of sets which can be expressed in the language of
topological spaces, a topological space X will be said to be P-compact if every open cover
of it which consists of sets A such that ∂(A) satisfies P has finite subcover.
The following is a list of the main properties P which will be considered in this paper:
• P = CLP is the property being empty,
• P = FB is the property being finite,
• P = CB is the property of being compact,
• P = ZDB is the property of being zero-dimensional.
Although it will not play a central role in this paper it should be noted that letting P be any
tautological property results in a notion of P-compactness which is just usual compactness.
Obviously
• compactness⇒ CB-compactness⇒ FB-compactness⇒ CLP-compactness;
• ZDB-compactness⇒ FB-compactness (in the class of T1-spaces),
and no other implication generally holds.
Since ∂(A)= ∂(X \A), it follows immediately from Definition 1.1 that the following is
an equivalent formulation of P-compactness.
Proposition 1.2. A topological space X is P-compact if and only if every family of closed
sets with property P having the finite intersection property has nonempty intersection.
Remark 1.3. Since ∂(A∩B)⊂ ∂(A)∪ ∂(B) for any A,B ⊂X, in case when property P
is invariant under taking finite unions and closed subspaces in Proposition 1.2 it is possible
to consider only those families of sets which are closed under finite intersections.
Remark 1.4. Given a topological space (X,T ) let T P denote the topology generated by
all sets from T which have the property P . Obviously,P-compactness of the space (X,T )
is just compactness of the space (X,T P ).
Definition 1.5. A space is said to be P-Hausdorff if any two of its points can be separated
by open sets with the property P .
Obviously
• CLP-Hausdorff⇒ FB-Hausdorff⇒ CB-Hausdorff⇒ Hausdorff;
• FB-Hausdorff⇒ ZDB-Hausdorff,
and no other implication generally holds. Notice also that CLP-Hausdorffness is just total
disconnectedness.
In many cases P-Hausdorffness is a natural property to demand when creating
counterexamples since it disallows trivialities such as spaces which are P-compact for
the reason that there is no open sets with property P . However, there are cases where it is
desirable to allow the possibility that no open sets have property P . One such case occurs
when noticing that CLP-compactness is a generalization of connectedness since connected
spaces are CLP-compact precisely because the only sets which are open and closed are the
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trivial ones. It is natural therefore to ask whether certain properties of connected spaces
can be extended to CLP-compact spaces. In particular, Sections 2 and 3 will show that the
fact that products of connected spaces are connected can be extended to CLP-compact, FB-
compact and CB-compact spaces. On the other hand, some counterexamples are provided
in Section 4.
Remark 1.6. Patterned after the definition of P-Hausdorffness, let a spaceX be called P-
regular if every point x ∈X and every closed set A⊂X not containing x can be separated
by open sets with the property P . One can easily notice that in a P-regular space there
exists a base consisting of sets with property P . Moreover, for spaces which are regular,
both properties are equivalent. Therefore, unlikeP-Hausdorffness, under the assumption of
P-regularity the subject of the present paper is, to a certain extent, degenerate. In particular,
it is easy to notice that
• a space which is P-compact and P-regular is compact;
• CLP-regularity is equivalent to zero-dimensionality;
• CB-regularity is equivalent to rim-compactness (in the class of Hausdorff spaces);
• ZDB-regularity is equivalent to 1-dimensionality (ind) (in the class of regular spaces).
In this paper our principal interest concerns the two aspects: products of P-compact
spaces and dimensional properties of P-compact spaces. Regarding the problem of
invariance of P-compactness under products notice first that both compactness and
connectedness, the two main prototypes of the property of CLP-compactness, and, in the
long run, of P-compactness in general, are preserved by arbitrary products. The situation
with P-compact spaces is quite different. Some aspects of this problem are studied in
Sections 2–4. In particular, in Section 2 it is shown that CLP-compactness of the product
of two CLP-compact spaces is equivalent to clopeness of projections. As a by-product,
some results about products of FB-compact, CB-compact and ZDB-compact spaces are
also established. The main result of Section 3 states that CLP-compactness is preserved
by finite products in case all factors are second countable. On the other hand, as shown
in Section 4, generally the behaviour of CLP-compactness under finite products is quite
capricious.
Regarding the second aspect, namely the dimensional properties of P-compact spaces,
notice first that all compact one-dimensional Hausdorff spaces are both ZDB-compact
and ZDB-Hausdorff while the unit interval is FB-compact and FB-Hausdorff. Although
not compact itself, any infinite hedgehog is still FB-compact and FB-Hausdorff as can
be shown by noticing that any neighborhood of the center of the hedgehog with finite
boundary must contain all but finitely many of the spines. These simple examples beg the
question: Is there an FB-compact and FB-Hausdorff space X with ind(X) > 2? (The role
of FB-Hausdorffness here is crucial since without it as a counterexample one can take a
compactum of a sufficiently large dimension.) There is an example which proves a positive
answer to this question and this can be found in Section 5. Several open questions are
collected in Section 6.
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2. Products of CLP-compact, FB-compact and CB-compact spaces
The examples collected in Section 4 establish that the restricted compactness properties
under discussion are generally not preserved even by finite products. The aim of this and
the next sections is to reveal some conditions under which the product of two P-compact
spaces is P-compact where P is one of the properties CLP, FB or CB. In this section
conditions are imposed on the whole product (see Proposition 2.13, Theorems 2.14, 2.15,
2.16 and 2.17), while the subject of the next section is products of spaces of small weight.
To begin, some definitions are required.
Definition 2.1. A mapping f :X→ Y is called clopen if the image of each clopen subset
U of X is a clopen subset f (U) of Y .
Definition 2.2. A mapping f :X→ Y is called CLP-perfect if it is clopen and for each
y ∈ Y the preimage f−1(y) is a CLP-compact subset of X. (A subset A of X is called
CLP-compact if every cover of A by clopen subsets of X has a finite subcover.)
Definition 2.3. A product X × Y is called CLP-rectangular if for every clopen subset W
of the productX× Y and for every point (x, y) ∈W there exist clopen sets U in X and V
in Y containing points x and y , respectively such that U × V ⊂W .
Proposition 2.4. Let X, Y be CLP-compact spaces and the product X × Y be CLP-
rectangular. Then the product X× Y is CLP-compact, too.
Proof. Let U be a clopen cover of the product X × Y . Since X × Y is CLP-rectangular,
there exists a rectangular CLP-refinement V of U—in other words,
V ⊂ {U × V |U ∈ T CLPX and V ∈ T CLPY }.
Now the proof can be completed verbatim as the proof of compactness for the product of
two compact factors. 2
Proposition 2.5. If the product X× Y is CLP-compact, then X× Y is CLP-rectangular.
Proof. Let (x0, y0) ∈ W where W is a clopen subset of the product X × Y . Then for
each point (x, y) /∈ W one can find a clopen rectangular Ux × V y containing (x0, y0)
but not (x, y). Indeed, if (x, y0) /∈W , then take Ux := pX(W ∩ (X × {y0})) and V y :=
Y ; if (x0, y) /∈ W), then take Ux := X and V Y := pY (W ∩ ({x0} × Y )). Finally, if
(x, y0), (x0, y) ∈W then take either Ux := pX(W ∩ (X× {y})) and V y := Y or Ux :=X
and V y := pY (W ∩ ({x} × Y )). Consider now the system
F = {(U × V )∩ (X× Y \W): x0 ∈ U and y0 ∈ V and
U is clopen in X and V is clopen in Y
}
.
To complete the proof we shall show that ∅ ∈ F—in other words, that U × V ⊂ W
for some U,V . Assume, to the contrary, that all sets (U × V ) ∩ (X × Y \W) belonging
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to F are non-empty. Observe that F has the finite intersection property, and hence, by
CLP-compactness of the productX×Y , it follows that⋂F 6= ∅. However, this means the
existence of a point (x, y) /∈ W such that (x, y) ∈ U × V for every rectangular clopen
neighborhood U × V of the point (x0, y0). The obtained contradiction completes the
proof. 2
Proposition 2.6. If the product X × Y is CLP-rectangular, and Y is CLP-compact, then
the projection pX :X× Y →X is clopen.
Proof. Let W be a clopen subset of the product X × Y and assume that a ∈ pX(W) \
pX(W). Take any point y ∈ Y ; then, since (a, y) /∈ W and the product X × Y is
CLP-rectangular, there exists a clopen rectangular neighborhood Uya × Vy of the point
(a, y) which does not intersect W . As the result, it follows that there is a clopen cover
{Uya ×Vy : y ∈ Y } of the CLP-compact subspace {a}×Y of the productX×Y . Let {Uy1a ×
Vy1, . . . ,U
yn
a × Vyn} be its finite subcover. Then, obviously, the set Ua = Uy1a ∩ · · · ∩Uyna
is a clopen neighborhood of the point a and (Ua × Y )∩W = ∅. However, this contradicts
the choice of the point a. 2
Proposition 2.7. If the spaces X and Y are CLP-compact and the projection pX :X ×
Y →X is clopen, then the product X× Y is CLP-compact, too.
Proof. This is an immediate consequence of the following lemma:
Lemma 2.8 [7, Theorem 1.8]. If a space Y is CLP-compact and a mapping f :X→ Y is
CLP-perfect then the space X is CLP-compact, too.
Proposition 2.9. Let W be an open subset of the product X × Y such that the boundary
∂(W) is compact. If the projection pX :X × Y → X is clopen then pX(∂(W)) ⊃
∂(pX(W))—in other words, the boundary of the image is contained in the image of the
boundary.
Proof. Assume that a ∈ ∂(pX(W)) and a /∈ pX(∂(W)). Then, in virtue of openness of W ,
we obviously have ({a}×Y )∩W = ∅. Since ∂(W) is compact, there exists a neighborhood
Ua such that Ua ∩pX(∂(W))= ∅. Further, let Uˇa =Ua×Y ; then, obviously, Uˇa ∩W 6= ∅,
and therefore one can choose a point (x∗, y∗) ∈ Uˇa ∩W . Besides, since ∂(W) is compact,
the point y∗ can be chosen in such a way that y∗ /∈ pY (∂(W)). Consider the subspace
X∗ = X × {y∗}, and let pX(X∗ ∩W) =W∗. Obviously W∗ is a clopen set, and a /∈W∗.
Now let W˜ = (W∗ ×Y )∪ (W ∩ Uˇa). It is easy to notice that W˜ is a clopen subset ofX×Y
and that a ∈ ∂(pX(W˜ )) but a /∈ pX(∂((W˜))) = ∅. However, this contradicts the fact that
pX is a clopen mapping. 2
Lemma 2.10. Let G be a regularly closed subset of the product X× Y and W = IntG. If
pX(∂W)⊃ ∂pX(W), then also pX(∂G)⊃ ∂pX(G).
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Proof. Since ∂G=G \ IntG=W \W = ∂W , it holds
(1) pX(∂G)= pX(∂W).
Further, ∂pX(W) = pX(W) \ pX(W) = pX(W) \ pX(W) ⊃ pX(G) \ pX(G) = ∂pX(G),
i.e.,
(2) ∂pX(W)⊃ ∂pX(G).
The statement of the lemma follows immediately from formulae (1) and (2). 2
From Proposition 2.9 and the previous lemma immediately follows
Corollary 2.11. Let G be a regularly closed subset of the product X × Y such that the
boundary ∂(G) is compact. If the projection pX :X× Y →X is clopen then pX(∂(G))⊃
∂(pX(G)).
Proposition 2.12. If X, Y are FB-compact spaces and the projection pX :X× Y →X is
clopen, then the product X× Y is FB-compact.
Proof. Let F be a family of closed subsets of X × Y which is closed under finite
intersections and such that |∂F |< ℵ0 for every F ∈F . We shall show that ⋂F 6= ∅.
For every F ∈ F let F ′ = IntF and let F ′ = {F ′ | F ∈ F}. Obviously, ∂F ′ ⊂ ∂F and
hence the boundaries of all F ′ ∈F ′ are also finite. Consider the two possible cases:
(1) F ′ is not closed under finite intersections. Since F = IntF ∪ ∂F = F ′ ∪ ∂F , this
means that there exists F0 ∈F such that ∂F0 intersects every F ∈ F . Taking into account
that ∂F0 is compact, we conclude that
⋂F ⊃ (⋂F)∩ ∂F0 6= ∅.
(2) Let now F ′ be closed under finite intersections, and consider the family of sets
G := {pX(F ′) | F ′ ∈ F ′}. Then obviously G has the finite intersection property, too.
Further, according to Corollary 2.11 the elements of G have finite boundaries. Hence, by
Proposition 1.2 it follows that
⋂G 6= ∅. Let a ∈⋂G. Then applying again Corollary 2.11
and taking into account that all F ′ ∈ F ′ are regularly closed and F ′ is invariant unter
taking finite intersections, we conclude that ({a} × Y ) ∩ F ′ 6= ∅, for every F ′ ∈ F ′ and
hence (
⋂F ′) ∩ ({a} × Y ) 6= ∅. Thus X× Y is FB-compact. 2
Reasoning in a similar way one can easily establish the following.
Proposition 2.13. If X, Y are CB-compact spaces, and pX :X × Y → X is clopen, then
the product X× Y is CB-compact.
Theorem 2.14. Let X and Y be CLP-compact spaces. Then the following are equivalent:
(1) X× Y is CLP-compact;
(2) X× Y is CLP-rectangular;
(3) pX :X× Y →X is clopen.
Proof. The implication (1) ⇒ (2) follows from Proposition 2.5, (2) ⇒ (3) from
Proposition 2.6 and (3)⇒ (1) from Proposition 2.7. 2
J. Stepra¯ns, A.P. Šostak / Topology and its Applications 101 (2000) 213–229 219
Theorem 2.15. Let X and Y be FB-compact spaces. Then the following are equivalent:
(1) X× Y is FB-compact;
(2) X× Y is CLP-rectangular;
(3) pX :X× Y →X is clopen.
Proof. Since FB-compactness implies CLP-compactness, implications (1) ⇒ (2) and
(2) ⇔ (3) are ensured by Theorem 2.14. Implication (3) ⇒ (1) is the statement of
Proposition 2.12. 2
Similarly but by applying Proposition 2.13 instead of Proposition 2.12 one obtains the
following.
Theorem 2.16. Let X, Y be CB-compact spaces. Then the following are equivalent:
(1) X× Y is CB-compact;
(2) X× Y is CLP-rectangular;
(3) pX :X× Y →X is clopen.
Theorem 2.17. LetX,Y be CLP-compact (respectively FB-compact, CB-compact) spaces
such that the productX× Y is pseudocompact. Then X× Y is CLP-compact (respectively
FB-compact, CB-compact).
Proof. If X × Y is pseudocompact, then β(X × Y ) = βX × βY [2]. By Proposition 2.5
the product βX× βY is CLP-rectangular. It will be shown that X× Y is CLP-rectangular
in this case, too. This, in virtue of Proposition 2.4, will complete the proof.
Let W be a clopen set in X × Y and (x, y) ∈W . Since the closure W in βX × βY is
clopen and the product βX × βY is CLP-rectangular, there exist clopen sets U˜ and V˜ in
βX and βY , respectively such that (x, y) ∈ U˜ × V˜ ⊂W. Then U = U˜ ∩X and V = V˜ ∩Y
are clopen sets in X and Y , respectively and (x, y) ∈ U × V ⊂ W and hence X × Y is
CLP-rectangular. 2
3. CLP-compactness is preserved by products of small weight
The following definition is worth recalling for the reader’s convenience (see, e.g., [2]):
The quasi-component of a point, x , in a topological space is defined to be the intersection
of all clopen sets containing x . It will be denoted by Q(x) if the space is understood from
the context.
The next lemma provides an alternative condition to the CLP-rectangularity of
Definition 2.3 for establishing that the product of CLP-compact spaces is CLP-compact.
Lemma 3.1. For i ∈ 2, let (Xi,Ti ) be CLP-compact spaces of weight less than p such
that, the character of (Xi,T CLPi ) is no greater than ℵ0. If U ⊂ X0 ×X1 is a clopen set
and (a0, a1) ∈ U then, for each i ∈ 2 there is Ai ∈ T CLPi such that (a0, a1) ∈A0 ×A1 and
the interior of (A0 ×A1) \ U with respect to the topology T CLP0 × T CLP1 is empty.
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(In the proof of this lemma as well as in the proofs of some other statements of this
section Theorem 2.14 will be used without mention.)
Proof. Suppose not, and that (a0, a1) ∈ U is a counterexample to the lemma. In other
words, for each neighborhood A0 × A1 of (a0, a1) such that both A0 and A1 are clopen,
there is some set E0(A0,A1) × E1(A0,A1) ⊆ A0 × A1 such that each Ei(A0,A1) is a
clopen, non-empty subset disjoint from U .
Let Q(ai)=⋂n∈ωWni . Now construct by induction on n ∈ ω clopen sets Bni , for i ∈ 2
such that:
(1) Bn0 ×Bn1 ∩U = ∅,
(2) ai /∈Bni ,
(3) Bni ⊆Wni ,
(4) Bni ∩Bmi = ∅ if n 6=m,
for each i ∈ 2. To begin the induction, it may be assumed that Wn0 and Wn1 have been
chosen so that Wn0 × {a1} ⊆ U and {a0} ×Wn1 ⊆ U and, furthermore, Wn+1i ⊆Wni . This
ensures that clauses (1) and (3) imply clause (2). Clauses (1), (3) and (4) are easily obtained
from the assumption on the point (a0, a1). In particular, let
Wi =Wni \
(⋃
j∈n
B
j
i
)
and Bni =Ei(W0,W1).
Now let F be a free ultrafilter on ω. For any set Z ⊆Xi let
Ri(Z)= {n ∈ ω: Bni ∩Z 6= ∅}.
It will now be shown that there is at least one i ∈ 2 such that for every a ∈Q(ai) there
is a Ti -neighborhood V of a such that Ri(V) /∈ F . To see that this is so, let zi ∈ Q(ai)
witness the contrapositive for each i ∈ 2. Since Q(a) ×Q(b) ⊆ U it follows that there
must be some T0 × T1 neighborhood V0 × V1 of (z0, z1) such that V0 × V1 ⊆ U . Then
R0(Z0) and R1(Z1) both belong to F and so it is possible to find m ∈ R0(Z0) ∩ R1(Z1).
This contradicts the fact that (R0(Z0)×R1(Z1))∩ (Bm0 ×Bm1 )= ∅.
So, without loss of generality, it may be assumed that for every a ∈ Q(a0) there is a
neighborhoodV of a such that R0(V) /∈F . Using the fact that the weight of (X0,T0) is less
than p, it follows that there is a set X ⊆ T0 of size less than p such that for each a ∈Q(a0)
there is V ∈ X such that a ∈ V and R0(V) /∈F . The definition of p guarantees that there is
an infinite D ⊆ ω such that X ∩R0(V) is finite for each V ∈X . Let B =⋃n∈D Bn0 .
First observe that B is clopen. It is obviously open, but, to see that it is closed,
let b ∈ B \ B. If b /∈ Q(a0) then there is some j ∈ D such that b /∈ Wj0 and hence,
X0 \ (Wj0 ∪ (
⋃
k∈X∩j Bk0 )) is a neighborhood of b disjoint from B—this is impossible.
Therefore it must be the case that b ∈ Q(a0). But now there is some V ∈ X which is a
neighborhood of b and such that R0(V)∩D ⊆ j for some j ∈ ω. Then V ∩Wj0 ∩Bm0 = ∅
for each m ∈D and, once again, this is impossible since V ∩Wj0 is a neighborhood of a.
Since Bn0 ∩ Bm0 = ∅ for distinct n and m it follows that {Bj0 }j∈X is a clopen cover of
B with no finite subcover. Since B is clopen, this contradicts the fact that X0 is CLP-
compact. 2
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Theorem 3.2. For i ∈ 2, let (Xi,Ti ) be a CLP-compact space of weight less than p such
that the weight of (Xi,T CLPi ) is no greater than ℵ0. Then X0 × X1 with the product
topology is CLP-compact.
Proof. It suffices to show that if U ⊆ X0 ×X1 is clopen in the product topology then its
projection onto either coordinate is also clopen. By Theorem 2.14 we need to show that
X×Y is CLP-rectangular. Suppose the contrary and let U be a clopen subset of the product
which is not a union of clopen rectangles. Then there must be some point (x0, x1) ∈ U such
that for every pair of clopen sets Ai ⊆Xi either (x0, x1) /∈A0 ×A1 or A0×A1 6⊆U .
Use Lemma 3.1 to find clopen sets V0 and V1 such that (x0, x1) ∈ V0 × V1 and such
that the interior of V0 × V1 \ U with respect to the topology T CLP0 × T CLP1 is empty. The
assumption on (x0, x1) guarantees that V0 × V1 6⊆ U so it is possible to find (y0, y1) ∈
V0×V1 \U . Once again use Lemma 3.1 to find clopen sets V ′0 ⊆ V0 and V ′1 ⊆ V1 such that
(y0, y1) ∈ V ′0 × V ′1 and such that the interior of V ′0 × V ′1 ∩U with respect to the topology
T CLP0 ×T CLP1 is empty. Hence, both U andX0×X1 \U are dense in V ′0×V ′1 with respect
to the topology T CLP0 × T CLP1 .
Since Xi is second countable in the topology generated by T CLPi it is possible to find a
pseudo-metric ρi which generates the same topology. Now define Dn to be the set of all
(z0, z1) ∈ V ′0 × V ′1 such that for each i ∈ 2 there exists si ∈ V ′i such that
• ρi(zi, si ) < 1/n for i ∈ 2,
• {s0} × {x ∈ V ′1: ρ1(x, s1) < 1/n} ⊆U ,
• {x ∈ V ′0: ρ0(x, s0) < 1/n} × {s1} ⊆U ,
and define En to be the set of all (z0, z1) ∈ V ′0 × V ′1 such that for each i ∈ 2 there exists
si ∈ V ′i such that
• ρi(zi, si ) < 1/n for i ∈ 2,
• {s0} × {x ∈ V ′1: ρ1(x, s1) < 1/n} ∩U = ∅,
• {x ∈ V ′0: ρ0(x, s0) < 1/n} × {s1} ∩U = ∅.
Notice that each Dn and En is a dense open set in V ′0 × V ′1 with the subspace topology
generated by T CLP0 ×T CLP1 . To see this, consider the case ofDn. LetA×B be a non-empty
open set in V ′0×V ′1. SinceU is dense in V ′0×V ′1 it is possible to choose (s0, s1) ∈U ∩A×B
such that ρi(zi, si ) < 1/2n for each i ∈ 2. Since U ∩ ({s0} ×X1) is clopen in the subspace
it is possible to find ε < 1/2n such that ε > 0 and {s0} × {x ∈ V ′1: ρ1(x, s1) < ε} ⊆ U and,
similarly, {x ∈ V ′0: ρ0(x, s0) < ε} × {s1} ⊆ U . It follows that if ρi(zi, xi) < 1/2n for i ∈ 2
then (x0, x1) ∈Dn. Similarly, it may be shown that each En is dense open.
Since each (Xi,T CLPi ) is compact and second countable, it is possible to find (p0,p1) ∈⋂
n∈ω(Dn ∩ En). Either (p0,p1) belongs to U or it does not. In either case a similar
argument can be applied so, without loss of generality, it will be assumed that (p0,p1)
belongs toU . It is then possible to find ε > 0 such that {p0}×{x ∈ V ′1: ρ1(x,p1) < ε} ⊆ U .
Let n > 1/ε and, using that (p0,p1) ∈ En, choose si ∈ V ′i for i ∈ 2 such that ρi(pi, si ) <
1/n for i ∈ 2 and {x ∈ V ′0: ρ0(x, s0) < 1/n}× {s1} ∩U = ∅. Then, since ρ0(p0, s0) < 1/n,
it follows that (p0, s1) /∈ U . On the other hand, since ρ1(p1, s1) < 1/n < ε, it follows that
(p0, s1) ∈U . This contradiction finishes the proof of the theorem. 2
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Corollary 3.3. The product of finitely many CLP-compact, second countable spaces is
CLP-compact.
Proof. In light of Theorem 3.2 it suffices to note that if (X,T ) is a second countable space
then (X,T CLP) is also second countable. However, since (X,T ) has countable weight it
follows that (X,T CLP) has countable net weight and, since (X,T CLP) is compact, it has
countable weight as well [1]. 2
4. Examples of large weight
Throughout this section standard terminology regarding βN \N will be used. Given any
family F of closed subsets of βN \N it is possible to define a space X(F) as follows: The
points of X(F) are N ∪ F , each natural number is isolated while the neighborhoods of a
point F ∈F have as a base all sets of the form {F } ∪A where A⊆N is such that F ⊆A∗.
Lemma 4.1. Suppose that F0 and F1 are families of disjoint, closed sets in βN \N such
that
• (⋃F0)∩ (⋃F1)= ∅,
• if i ∈ 2 and A⊆ N then there is some K ∈ Fi such that A∗ ∩K 6= ∅ and (N \A)∗ ∩
K 6= ∅.
Then both X(F0) and X(F1) are CLP-compact, Hausdorff spaces but X(F0)×X(F1) is
not.
Proof. To see thatX(F0) andX(F1) are CLP-compact, notice that ifU ⊆X(Fi) is clopen
then there is a finite subset A⊆ N such that either U = A or U =X(Fi ) \A. To see this,
observe that if U ∩Fi 6= ∅ then U ∩N must be infinite. If N \ U is finite then since U is
closed and every point in Fi is in the closure of N it follows that U = X(Fi ) \ A where
A= N \ U . On the other hand, if N \ U is infinite then the hypothesis on Fi guarantees
that there is some K ∈Fi such that K ∩ (U ∩N)∗ 6= ∅ 6=K ∩ (N \U)∗. HenceK is on the
boundary of U and so U can not be clopen. It follows immediately that each space X(Fi)
is CLP-compact.
The fact that each space X(Fi ) is Hausdorff follows immediately from the fact all the
sets of Fi , for i ∈ 2 are disjoint and disjoint closed sets in βN \ N can be separated by
clopen sets.
To see that X(F0)×X(F1) is not CLP-compact it suffices to show that {(n,n): n ∈N}
is closed. In order to verify this it suffices to show that no point of the form (K,K ′) ∈
F0 × F1 is in the closure of {(n,n): n ∈ N}. Since (⋃F0) ∩ (⋃F1) = ∅ it follows that
K ∩K ′ = ∅ and hence there is some A⊆N such that K ⊆A∗ andK ′ ∩A∗ = ∅. Therefore
A∗ × (N \A)∗ is a neighborhood of (K,K ′) which is disjoint from the diagonal. 2
The next corollary provides an alternative to an example in [8] (cf. also [7]) of a CLP-
compact space whose square is no CLP-compact. One difference is that the example of
Corollary 4.2 has cardinality 2ℵ0 while the example of [8] has cardinality 22ℵ0 .
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Corollary 4.2. There is a CLP-compact, Hausdorff space of weight and cardinality 2ℵ0
whose square is not CLP-compact.
Proof. It suffices to construct a pair of families of closed sets satisfying the hypothesis of
Lemma 4.1. The families F0 and F1 will both consist of closed sets containing precisely
2 points in βN \N. Letting {Aγ }γ∈2ω enumerate all the infinite and coinfinite subsets of N
it is easy to construct by transfinite induction pairs (a0γ , b0γ ) and (a1γ , b1γ ) such that aiγ ∈A∗γ
and biγ /∈ A∗γ for each i ∈ 2 and, furthermore, such that all the aiµ and biµ are distinct. Let
Fi = {(aiγ , biγ )}γ∈2ω for each i ∈ 2. 2
Corollary 4.3. Adding ℵ1 Cohen reals to any model of set theory will yield a model in
which there is a CLP-compact, Hausdorff space of weight and cardinality ℵ1 whose square
is not CLP-compact.
Proof. It suffices to construct in the generic extension towers {Tα}α∈ω1 such that
• Tα = {T βα }β∈ω1 for each α ∈ ω1,
• for each α ∈ ω1 if β ∈ γ then T βα ⊃∗ T γα ,
• T αβ ∩ T 0α is finite for every β ∈ α ∈ ω1,
• if X is an infinite and coinfinite subset of N then there is a closed unbounded C ⊆ ω1
such that X ∩ T βγ and T βγ \X are both infinite for every γ ∈C and β ∈ ω1.
The reason this suffices is that, given the family of towers {Tα}α∈ω1 , it is possible to
choose S ⊆ ω1 to be any stationary and costationary set and then define F0 = {Tα}α∈S
and F1 = {Tα}α∈ω1\S .
Let V be the ground model and V ′ an extension obtained by adding ℵ1 Cohen reals. It
may be assumed that V ′ = V [{T βα }(α,β)∈ω1×ω1 ] and that
• Tα = {T βα }β∈ω1 is a ⊃∗-descending tower for each α ∈ ω1,
• each T βα is a Cohen real (or, at least, a real coding a Cohen real) which is generic over
V [{T βγ }(γ ,β)∈α×ω1],
• T βα ⊆ T γα for each γ ∈ β (since this requires satisfying only countably many
requirements it can be accomplished by a Cohen real),
• T 0α ∩ T αγ is finite for each γ ∈ α. (Since this also requires satisfying only countably
many requirements it can be accomplished by a Cohen real as well, provided that it
can be accomplished at all.)
It is now possible to use standard genericity arguments to show that each Tα is a maximal
⊃∗-descending tower. Standard arguments can also be used to show that for fixed β and α
a proper ideal is generated by {T βγ }γ∈α . This implies that it is possible to find T 0α such that
T 0α ∩ T αγ is finite for each γ ∈ α.
Therefore, it suffices to show that if X is an infinite and coinfinite subset of N then there
is a closed unbounded C ⊆ ω1 such that X ∩ T βγ and T βγ \ X are both infinite for every
γ ∈ C and β ∈ ω1. Once again, standard genericity argument will show that if neither X
nor N \X belong to the ideal generated by {T αγ }γ∈α then both T βα ∩X and T βα ∩ (N \X)
will be infinite for every β ∈ ω1. Hence it must be shown that there is a closed unbounded
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set C ⊆ ω1 such that if α ∈ C then neither X nor N \X belong to the ideal generated by
{T αγ }γ∈α.
In order to see this, let α be such that X belongs to V [{T βγ }(γ ,β)∈α×ω1]. Now letM be
any countable elementary submodel of H((2ℵ0)+) which contains X and let δ = ω1 ∩M.
To see that neither X nor N \ X belongs to the ideal generated by {T δγ }γ∈δ let F be a
finite subset of δ. Then F = {γ1, γ2, . . . , γn} ∈M. Since it is known that each tower is
maximal, it is possible to choose γ ∗1 ∈M such that X \ T
γ ∗1
γ1 and (N \X) \ T
γ ∗1
γ1 are both
infinite. Let X1 =X \ T γ
∗
1
γ1 and X∗1 = (N \X) \ T
γ ∗1
γ1 . It is then possible to choose γ ∗2 ∈M
such that X1 \ T γ
∗
1
γ1 and X∗1 \ T
γ ∗1
γ1 are both infinite. Proceeding like this inductively yields
γ ∗1 , γ ∗2 , . . . , γ ∗n . Since δ > γ ∗i for each i 6 n, it follows that X \ T δγ1 and (N \X) \ T δγ1 are
both infinite. 2
Using ideas similar to those of Lemma 4.1 and Corollary 4.2 it is also possible to
construct three CLP-compact, Hausdorff spaces such that the product of any two of them is
CLP-compact but the product of all three is not. The main lemma will be stated with only
a sketch of the proof.
Lemma 4.4. Suppose that F0 and F1 are families of disjoint, closed sets in βN \N such
that
• (⋃F0)∩ (⋃F1)= ∅,
• if i ∈ 2 and A⊆ N then there is some K ∈ Fi such that A∗ ∩K 6= ∅ and (N \A)∗ ∩
K 6= ∅,
and, as well, for each pair of one-to-one functions from an infinite subset of N to N,
f :X→ N and g :Y → N such that f ∩ g = ∅, there are Fi ∈ Fi for i ∈ 2 such that
f ∩ A0 × A1 6= ∅ 6= g ∩ A0 × A1 for every pair of subsets (A0,A1) ∈ F0 × F1. Then
X(F0)×X(F1) is CLP-compact.
Proof. The idea here is the same as in Lemma 4.1. The only difference is that the topology
of clopen sets in the product space is homeomorphic to the product of two convergent
sequences (with the limit points not separated). 2
Lemma 4.5. Suppose that F0, F1 and F2 are families of closed sets in βN \N such that
F0 ∩ F1 ∩ F2 = ∅ for any choice Fi ∈ Fi . Then X(F0) × X(F1) × X(F2) is not CLP-
compact.
Proof. This is identical to the proof of Lemma 4.1. 2
Corollary 4.6. There are three CLP-compact, Hausdorff spaces X(F0), X(F1) and
X(F2) such that the product X(Fi) × X(Fj ) is CLP-compact for any {i, j } ∈ [3]2 but
X(F0)×X(F1)×X(F2) is not CLP-compact.
Proof. Let {Aξ }ξ∈2ω and ξ≡3 mod 4 enumerate all infinite and coinfinite subsets of N and let
{(fξ , gξ )}ξ∈2ω and ξ≡i mod 4
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enumerate all pairs of one-to-one functions with infinite domains Dξ and Eξ and disjoint
graphs for each i ∈ 3. Each Fi will be defined to be a set of pairs just as in Corollary 4.2.
In particular, define Fi = {(xiξ , yiξ )}ξ∈2ω such that
• no point of βN \N appears more than twice in the list {(xiξ , yiξ )}i∈4,ξ∈2ω ,
• if ξ ≡ 4 mod 3 then {x0ξ , x1ξ , x2ξ } ⊂A∗ξ and {y0ξ , y1ξ , y2ξ } ∩A∗ξ = ∅,
• if ξ ≡ 0 mod 3 then x2ξ = f ∗ξ (x1ξ ) and y2ξ = g∗ξ (y1ξ ),
• if ξ ≡ 1 mod 3 then x2ξ = f ∗ξ (x0ξ ) and y2ξ = g∗ξ (y0ξ ),
• if ξ ≡ 2 mod 3 then x1ξ = f ∗ξ (x0ξ ) and y1ξ = g∗ξ (y0ξ ).
This is an easy induction of length 2ω using the fact that at each stage only fewer
than 2ℵ0 points of βN \ N have been chosen. To be more precise, notice that the fact
that each fξ :Dξ → N and gξ :Eξ → N is one-to-one implies that the corresponding
f ∗ξ :D∗ξ → βN \ N and g∗ξ :E∗ξ → βN \ N are also one-to-one. This means that at stage
ξ the points xiξ and y
i
ξ should be chosen outside the set V ∪ (f ∗ξ )−1V ∪ (g∗ξ )−1V where
V = {(xiξ , yiξ )}i∈4,ξ∈ξ . As there are always 2ℵ0 choices possible, this is easy. 2
5. Dimension
It will be shown that there exists an FB-compact and FB-Hausdorff separable metric
space which is 2-dimensional.
Let pi : [0,1]3 → [0,1] be the projection onto the first coordinate; in other words
pi(x, y, z) = x . Let B be the smallest class of sets definable by using not only real
parameters and the quantifiers ∀ and ∃ restricted to reals as in the standard definition of
the projective hierarchy, but also the quantifier ∃2ℵ0 which is interpreted in the formula
∃2ℵ0ψ(x) to mean that the cardinality of all reals r such thatψ(r) holds is 2ℵ0 . It is standard
to verify that this class has size 2ℵ0 .
Using transfinite induction construct a function F : [0,1] → [0,1]2 such that if X ⊆
[0,1]3 is any set in B such that pi(X) has cardinality 2ℵ0 then |F ∩X| = 2ℵ0 . The boundary
operator ∂ will be used without a subscript to denote a boundary taken in [0,1]3 and with
a subscript to denote a boundary in some subspace—in other words, ∂X(Y ) denotes the
boundary of Y as calculated in the subspace X ⊆ [0,1]3.
To begin, notice that F considered as a subspace of [0,1]3 is FB-Hausdorff because, if a
and b are distinct points in F then pi(a) 6= pi(b) and so there is some x which lies between
a and b. Hence [0, x)× [0,1]2 and (x,1] × [0,1]2 are disjoint neighborhoods of a and b
and, moreover,
∂F
(
F ∩ [0, x)× [0,1]2)= ∂F (F ∩ (x,1] × [0,1]2)= {(x,F (x))}.
Furthermore F is FB-compact. To see this the following claim will be used:
Claim 5.1. If U ⊆ [0,1]3 is open and pi(∂(U)) is countable then either ∂F (U ∩ F) is
infinite or pi(U)∩ pi(F \ U) is finite.
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Proof. Let Z = pi(∂(U)) ∩ pi(F \ U). Note that if Z is finite then so is pi(U) ∩ pi(F \ U)
because if x ∈ pi(U) \ pi(∂(U)) then either {x} × [0,1]2 ⊆ U or ∂(U) ∩ {x} × [0,1]2 6= ∅.
Hence it may be assumed that Z is infinite. It will be shown that if z ∈ Z then (z,F (z)) ∈
∂F (U ∩ F). To see this let W be a neighborhood of (z,F (z)) in [0,1]3. Since z ∈ Z
it follows that there is some a ∈ ∂(U) such that pi(a) = z. Since a ∈ ∂(U) it follows
that there is some interval I such that I ⊆ pi(U) ∩ pi(W). Then y ∈ pi(U) implies that
{y} × [0,1]2 ∩ U 6= ∅ and, together with the fact that y /∈ pi(∂(U)), this implies that
{y} × [0,1]2 ⊆ U . Since pi(∂(U)) is countable it follows that
pi
((
I \ pi(∂(U)))× [0,1]2 ∩W ∩ U)
has cardinality 2ℵ0 . Hence
F ∩ (I \ pi(∂(U)))× [0,1]2 ∩W ∩ U
is not empty showing that (z,F (z)) is in the closure of F ∩ U . Since z ∈ Z it follows that
(z,F (z)) /∈ U and hence (z,F (z)) ∈ ∂F (U ∩ F). 2
Now, to see that F is FB-compact suppose that C is a cover of F consisting of open sets
with finite boundaries. From the claim ir follows that for each U ∈ C there is a finite set
D(U) such that (z,F (z)) ∈ U for all z ∈ pi(U) \D(U). Since the domain of F is [0,1] it
follows that {pi(U): U ∈ C} is an open cover of [0,1]. Choosing a finite cover {pi(U i )}ni=1
of [0,1] yields a cover {Ui}ni=1 of all but the finite set F(
⋃n
i=1D(Ui )). Hence F is FB-
compact.
It remains to be shown that ind(F ) > 1. To see this let U be any open subset of (0,1)3.
For all open W let B(W) consist of all those points x ∈ ∂∂(U)(∂(U) ∩W) such that for
all open neighborhoods Y of x the cardinality of pi(W ∩ Y ∩ ∂(U)) is 2ℵ0 . It is clear that
each set B(W) belongs to B. Now, define B to consist of all those points x ∈ ∂(U) such
that there is some µx > 0 for all open neighborhoodsW of x of diameter less than µx the
cardinality of pi(B(W) ∩ ∂∂(U)(W ∩ ∂(U))) is 2ℵ0 . Notice that B also belongs to B.
It suffices to show that ∂(U)∩F ∩B 6= ∅ because if x ∈ ∂(U)∩F ∩B then F ∩B(W)∩
∂∂(U)(W ∩ ∂(U)) 6= ∅ for any open neighborhoodW of the point x of diameter less than
µx . Hence, if z ∈ F ∩ B(W) ∩ ∂∂(U)(W ∩ ∂(U)) then for all open neighborhoods Y of z
the cardinality of pi(Y ∩W ∩ ∂(U))) is 2ℵ0 . Therefore F ∩W ∩Y ∩ ∂(U) 6= ∅ for all open
neighborhoods Y of z. Since W is open and z ∈ ∂∂(U)(W ∩ ∂(U)) it follows that z /∈W
and so z ∈ ∂∂(U)∩F (W ∩ F ∩ ∂(U)). Consequently, the point x together with the ball of
radius µx centered at x witness that ∂(U)∩ F is not 0-dimensional. But, since F is dense
in [0,1]3, it follows that ∂(U) ∩ F = ∂F (U ∩ F). Hence every open subset of F ∩ (0,1)3
has a boundary which is at least 1-dimensional and so F is at least 2-dimensional.
In order to show that ∂(U) ∩ F ∩ B 6= ∅ it suffices to show that |pi(∂(U) ∩ B)| = 2ℵ0 .
For each z ∈ [0,1] let Uz = {a ∈ [0,1]2: (z, a) ∈ U} and let Dz = {z} × ∂(Uz). If z is some
point such that Uz 6= ∅ then Dz must contain a point xz such that there is some εz > 0 such
that no neighborhood of xz in Dz of diameter less than εz is closed and open. The reason
that this is so is that otherwise Uz would have a 0-dimensional boundary contradicting that
[0,1]2 is 2-dimensional.
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Now choose δ > 0 such that |{z: εz > δ}| = 2ℵ0 and let A be the set of all complete
accumulation points of {xz: εz > δ}. Since |A| = 2ℵ0 , pi  A is one-to-one and A ⊆
∂(U), it will suffice to show that A ⊆ B . To this end let a ∈ A and let W an open
neighborhood of a of diameter less than δ. It must be shown that the cardinality of
pi(B(W)∩ ∂∂(U)(W ∩ ∂(U))) is 2ℵ0 .
Since a is a complete accumulation point of A there is a set C ⊆ [0,1] such that
|C| = 2ℵ0 and xz ∈W for all z ∈ C. Since the diameter of W is less than δ it follows
that for each z ∈ C there is some point bz ∈ ∂Dz (Dz ∩W). Let C′ = {z ∈ C: bz /∈ B(W)}.
It will suffice to show that |C′|< 2ℵ0 because then |C \ C′| = 2ℵ0 and if z ∈ C \ C′ then
pi(bz)= z and bz ∈ ∂∂(U)(W ∩ ∂(U))∩B(W).
Now suppose that |C′| = 2ℵ0 . For each z ∈ C′ choose an open neighborhood Yz
from some countable base witnessing that bz /∈ B(W)—in other words, bz ∈ Yz and
|pi(W ∩ Yz ∩ ∂(U))|< 2ℵ0 . Then choose C′′ ⊆ C′ and some Y from the given base such
that |C′′| = 2ℵ0 and Yz = Y for all z ∈ C′′. Then Y is a neighborhood of bz for each z ∈ C′′
and, since bz ∈ ∂Dz (Dz∩W), it follows that it is possible to choose some dz ∈ Y∩W ∩Dz .
Notice though that Dz ⊆ ∂(U) and hence dz ∈ Y ∩W ∩ ∂(U). Moreover, pi(dz) = z and
hence C′′ ⊆ pi(Y ∩W ∩ ∂(U)) contradicting the choice of Y and the fact that |C′′| = 2ℵ0 .
Hence the following theorem has been established.
Theorem 5.2. There exists a 2-dimensional subset of Euclidean space which is FB-
compact and FB-Hausdorff.
6. Open questions
Considering whether Theorem 3.2 can be improved by relaxing the restrictions on the
weight of the spaces leads to the following two questions.
Question 6.1. Is the product of two first countable CLP-compact spaces CLP-compact?
Question 6.2. Is the product of two CLP-compact spaces of countable net weight CLP-
compact?
The question of infinite products has not been touched on in this paper. In particular an
answer to the following question would be interesting.
Question 6.3. If {Xξ }ξ∈κ are spaces such that ∏ξ∈F Xξ is CLP-compact for any finite
subset F ⊆ κ does it follow that ∏ξ∈κ Xξ is CLP-compact? Does this depend on the size
of κ?
The following question would be of particular interest.
Question 6.4. Is there an example of a family of countably many second countable CLP-
compact spaces whose product is not CLP-compact?
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Question 6.5. Is it consistent with set theory that the product of any two CLP-compact
spaces of weight ℵ1 is CLP-compact?
Since the examples provided by Lemma 4.1 are not CLP-Hausdorff it is natural to ask
the following question.
Question 6.6. Is the product of CLP-compact, CLP-Hausdorff spaces of weight no greater
than 2ℵ0 CLP-compact?
Taking into account Theorem 2.17 and the example of [8] it is natural to ask the
following question.
Question 6.7. Does there exist a pseudocompact, CLP-compact, CLP-Hausdorff space
whose square is CLP-compact but not pseudocompact?
7. Some historical comments
As it was already mentioned in the Introduction, the concept of a CLP-compact space
first appeared in [9] where it was called a CB-space. There were established also some
properties of CLP-compact spaces. Notice, however, that, as it follows from the examples
in Section 4 the theorem in [9] stating that CLP-compactness is multiplicative, is false.
Later CLP-compact spaces appear in [7,6,3] (in the latter under the name (O-C)-compact
spaces). In particular, in [3] it is proved that a space X is compact if and only if it is
CLP-compact and superparacompact. Countably CLP-compact, CLP-Lindelöf and CLP-
paracompact spaces are discussed in [7,6]. FB-compact spaces were defined in [5].
Clopen mappings and CLP-perfect mappings seem to have been used first by V.I. Pono-
marev [4] (the latter under the name Λ-mapping). In particular, in [4] is proved that strong
paracompactness is preserved by CLP-perfect mappings. Later clopen and CLP-perfect
mappings, as well as some similarly defined mappings, were used, in particular, in [9,7,6,
3].
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